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Abstract: Dynamics of nanofluid comprising a base fluid (water) with copper (Cu) 
nanoparticles have been considered in channel with porous walls under magnetic field influence. 
The channel walls are considered to be permeable in order to analyze the wall mass transfer 
phenomenon. Relevant mathematical modelling has been performed and the derived PDEs are 
converted into coupled nonlinear ODEs by using suitable transformations. Computations have 
been made numerically by employing the shooting technique. It is noted that multiple solutions 
occur for the variation of suction Reynolds number, solid volume fraction and magnetic 
parameters which are interpreted in detail.  
Keywords: Porous channel, CU-H2O nanofluid, Two-phase model, multiple solutions 
1. Introduction:  
Fluid flow problems confined in the permeable channels have got ample consideration lately as a 
result of their different applications in science and technology. For instance, blood flow in 
capillaries [1], blood oxygenators [2], during dialysis process [3], production of oil and gas from 
topographical structures, filtration, ground water development, regenerative heat exchangers, 
surface catalysis of synthetic responses and biting the dust [4] etc. Berman [5] presented the 2D 
fluid flow through a porous channel driven by suction/blowing. Cox [6] extended the previous 
work by analyzing the fluid flow porous rigid accelerating walls. Hewitt et al. [7] extended the 
solution structure to 3D stagnation point rheology. It is noted that the classical Navier-Stokes 
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model is insufficient to explain modern technical and rheological systems. Therefore 
Kleinstreuer et al. [8] presented microfluidics of nano-drug delivery. Nanofluids are able for 
improving thermo-physical properties, for instance, conductivity, diffusivity, convective heating 
in liquids including ethylene, glucose, coolants, biofluids and polymer as clarified Choi [9] who 
presented his research on nanofluid dynamics and studies nanofluidics in details. Various other 
applications of nanofluids has been classified by Wong and Leon [10]. Kuznetsov and Nield [11] 
investigated the nanofluid dynamics and presented the convective analysis of the nanofluid flows 
past a vertical plate. Hamad et al. [12] investigated the influence of magnetic field effects on free 
convection flow of a nanofluid. Chamkha and Aly [13] analyzed hydro magnetic and convective 
flow over a vertical wall with heat generation/absorption effects. Nouri et al. [14] analyzed 
nanofluid rheology in a porous channel. Authors have investigated the impact of applied 
magnetic field on the system.  Beg et al. [15] presented the numerical study for the bioconvective 
flow. Sheikholeslami and Ganji [16] analyzed numerical solutions for 2-phase nanofluid model. 
Authors have considered the flow over permeable wall and incorporated the effects of suction 
and blowing. Numerical computations of magnetic nanofluid for the forced convective 
phenomenon has been presented by Sheikholeslami et al. [17]. Lattice Boltzmann simulation of 
nanofluid and entropy generation is analyzed by Sheikholeslami [18]. Awais et al. [19] presented 
the thermophoresis and internal heat generation/absorption phenomena in a boundary layer third 
grade nanofluid flow. Authors have presented the homotopy solutions and analyzed the 
Brownian motion and shear thickening processed in detail. Dual numerical solutions for the non-
Newtonian fluid has been computed by Awais et al. [20]. They utilized the Lie group theory in 
the simplifications and presented the dual numerical solutions. 
In present analysis our aim is to study further in the regime of nanofluid flows in a channel. We 
have considered a two-phase model with H2O as base fluid and copper as nanoparticle 
dispersion. Simultaneous effects of magnetic field and porosity are analyzed in a permeable 
channel. The derived mathematical system is tackled numerically and the existence of multiple 
solutions is developed. Various numerical and graphical results are presented showing multiple 
solutions and their physical characteristics. 
2. Problem formulations: 
Consider 2D flow of an electrically conductive nanofluid in a porous channel (     ). We 
select the coordinate system such that the x-axis is taken in the direction of the flow and y-axis is 
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perpendicular to the channel.  Moreover, fluid is taken symmetric in the direction y-axis shown 
in Fig. 1.  
 
                                                 Fig. 1: Physical model. 
A constant magnetic field B0 is considered along y-axis. The governing equations represented the 
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where     are the velocity component,     is effective conductivity of nanofluid,      is density, 
    is the viscosity, (   )   is capacitance and     is thermal conductivity given by 
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Here   represents the volume fraction,    is for nanoparticles and    is for H2O. The associated 
wall conditions are of the form: 
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and after eliminating pressure term and defining 
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the Eqs. (2-4) become 
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Moreover, boundary conditions becomes 
 ( )        ( )     ( )   , 
   ( )     ( )     ( )            (18) 
3. Solution procedure 
We have to solve equations (13) and (14) with condition (18) numerically. For this we introduce 
the following terms 
     ,           (19) 
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    ,            (21) 
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subject to the boundary conditions 
 ( )  
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 ( )       ( )      ( )    , 
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Here   ,    and     are unknowns. It is necessary to find these quantities so that convergent 
solutions can been computed with accuracy of     . 
4. Results and discussion: 
Here Figures (2-9) are presented to examine different pertinent parameters on velocity profile 
  ( ), skin friction    ( ) and temperature profile  ( )  Fig. 2 presents the existence of multiple 
solutions for several values of Reynolds number. It is explicated that the multiple solutions exists 
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only for suction case (i.e.    ). From Fig. 2 it is noted that there is only one solution for the 
domain    (       ). However, multiple solutions are exists for the values of suction when 
      . Fig. 3 elucidates the effects of   on   ( ). Enhancement in the strength of   results 
into a decrease in the velocity profile   ( ) for 1st and 3rd solutions whereas the 2nd solution 
increases in the quarter half of the channel. However, changes in velocity profile   ( ) for 1st 
and 2
nd
 solutions are comparatively smaller than the 3
rd
 solution. Increasing values of Reynolds 
number for the case of suction velocity profile   ( ) for 1st and 3rd solutions decreases and 
increases for the 2
nd
 solution for         as presented in Fig. 4. Effects of   on    ( ) are 
portrayed in Fig. 5. Velocity profile   ( )  for 1st and 2nd solutions show enhancing behavior 
whereas for 3
rd
 solution velocity decreases, this trend is observed in the quarter half of the 
channel and afterwards totally opposite phenomenon is noted. Fig. 6 reveals the effects of    on 





 solutions near the center of the channel. However, totally reverse phenomenon is 
observed for 3
rd
 solution. Effects of   on  ( ) are shown in Fig. 7. Increase in the strength of   




 solutions and decreases for 3
rd
 solution. Physically it is 
established the fact that   for nanofluids increase the thermal conductivity of nanofluids which is 
noted in the present case. Fig. 8 presents the effects of Reynolds number on temperature profile 





 solutions. Fig. 9 illustrates the effects of magnetic field M on temperature profile 
 ( ). It is seen that an increase in the magnetic field enhances the temperature.  
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Fig. 3: Effect of   on   ( ) Fig. 4: Effect of R on   ( ) 
  




Fig. 7: Effect of   on  ( ) Fig. 8: Effect of R on  ( ) 
 
 









Table 1: Properties of water and nanoparticles 
  
      ⁄
   
        
⁄  
 
       ⁄
     
 
   
⁄  
Pure water 991.1 4179 0.613 21 
Copper (Cu) 8933 385 401 1.67 
Alumina (     ) 3970 765 40 0.85 
Silver (Ag) 10500 235 429 1.89 
Titanium Oxide (    ) 4250 686.2 8.9538 0.9 
 
5. Conclusions: 
The following observations have been made: 
(i) Triple solutions of MHD flow of nanofluid in a porous channel occurred only for the 
case of suction such that       . For injection there exists only single solution. 
(ii) Solid element   and Reynolds number   on   ( ) have similar effect for all 
solutions.  
(iii) Increase in  reduces the fluid flow and enhances the heat transfer. 
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The following are some highlights of the considered analysis 
 Rheology of two phase nanofluid has been discussed. 
 Characteristics of Cupper and Water are analyzed  
 Heat transfer analysis in a channel is presented. 
 Existence of multiple solutions for the involved physical quantities are computed and discussed 
 Streamlines are prepared and presented showing the multiple solutions for Reynold’s number 
 
